Axial force, Shear, and Bending Moment

Diagrammatic Conventions for Supports: three types of supports are recognized for
planar structures:

1- Roller or Link support: It is capable of resisting a force in only one specific line of
action. The link can resist a force only in the direction of line AB, the roller can
resist only a vertical force, whereas the rollers can resist only a force that acts
perpendicular to the plane CD

2- Pin or Hinge support: is capable of resisting force acting in any direction of the
plane. Hence, in general, the reaction at such a support may have two components,
one in the horizontal and one in the vertical direction.
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3- Fixed support: is able to resist a force in any direction is also capable of resisting a
moment or a couple.
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Diagrammatic Conventions for Loading:

1- Concentrated loads: a force is applied to a beam through a post, a hanger or a
bolted.
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2- Uniformly distributed loads: This load is usually expressed as force per unit length
of the beam it may be given as newton per meter (N/m)

Uniformly distributed load

: goods + beam w, N/m
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3- Uniformly varying loads: act on the vertical and inclined walls of a vessel containing
liquid vy (N/m°) is the unit weight of the liquid, the maximum intensity of the load of qq

N/m, the total force exerted by such a loading on a beam is (goh/2) N, and its resultant
acts at a distance h/3 above the vessel’s bottom.
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It is conceivable to load a beam with a concentrated moment applied to the beam
essentially at a point. One of the possible arrangements for applying a concentrated

moment is shown in Figure below:
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In order to maintain the applied force P in equilibrium at joint C, a shear P and a moment
Pd must be developed at the support. These forces apply a concentrated moment and an

axial force, as shown in Figure
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Classification of Beams: Beams are classified into several groups, depending primarily
on the kind of supports used:

1- Simply supported or simple beam: if the supports are at the ends and are either pins or

rollers.
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Fixed beam or fixed-ended beam: if the ends have fixed supports.
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Restrained beam: a beam fixed at one end and simply supported at the other.
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Cantilever beam: a beam fixed at one end and completely free at the other
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Overhanging beam: if the beam projects beyond a support, the beam is said to have
an overhang
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Continuous beam: is an intermediate supports are provided for a physically
continuous member acting as a beam.
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For all beams, the distance L between supports is called a span
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Calculation of Beam Reactions
Three equations of static equilibrium are available for the analysis these are:

XE. =0, YE =0, and }M,=0,

Ex1: Find the reactions at the supports for a simple beam loaded as shown in
Figure. Neglect the weight of the beam.
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YE =0 — Ry =0

YM,=0+ — 200+ 100x0.2+ 160 %X 0.3 —Rp X 0.4 =0
Ry = +670N 1

Mg =0+ — Ry, X 0.4+ 200—100 % 0.2 — 160 x 0.1 =0
Ry, = —410N |

Check: YE =0T+ — —410—-100—-160+670=0
Ex2: Find the reactions for the partially loaded beam with a uniformly varying

as shown in Figure. Neglect the weight of the beam.
P=2X3X10=15kN

g, = 10 kN/m
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XE =0 - Ry =0

YM, =0 D+ - +15X2—Rg xX5=0
Rz = 6kN |

YMp =0 + - —Ryy X5+15%x3=0
Ray = 9kN |

Check: YE =0T+=0T+
—-94+15-6=0
Ex3: Determine the reactions at A and B for the beam shown in Figure due to the

applied force.
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Occasionally, hinges or pinned joints are introduced into beams and frames. A hinge is
capable of transmitting only horizontal and vertical forces. No moment can be
transmitted at a hinged joint. Therefore, the point where a hinge occurs is a particularly
convenient location for separation of the structure into parts for purposes of computing
the reactions as shown in figure below:
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Direct Approach for Axial Force Shear and Bending Moment
Application of the Method of Sections

The analysis of any beam or frame for determining the internal forces begins with the
preparation of a free-body diagram showing both the applied and the reactive forces. The
reactions can always be computed the equations of equilibrium provided the system is
statically determinate. The method of sections can then be applied at any section of a
structure by employing the previously used concept that if a whole body is in
equilibrium, any part of it is likewise in equilibrium. Now consider an imaginary cut X-X
normal to the axis of the beam, which separates the beam into two segments figures b&c.

W, (total uniformly
varying load)

W2 {total load)
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Axial Force in Beams

A horizontal force such as P, shown in Figure, may be necessary at a section of a beam to
satisfy the conditions of equilibrium. The magnitude and sense of this force follows from
a particular solution of the equation Y E, = 0. If the horizontal force P acts toward the
section, it is called a thrust; if away, it is axial tension. It was shown that it is imperative
to apply this force through the centroid of the cross sectional area of a member to avoid
bending.

Shear in Beams

In general, to maintain a segment of a beam, such as that shown in figure in equilibrium,
there must be an internal vertical force V at C cut to satisfy the equation }}F, = 0. This

internal force V, acting at right angles to the axis of the beam, is called the shear, or shear
force. The shear is numerically equal to the algebraic sum of all the vertical components
of the external forces acting on the isolated segment, but it opposite in direction.

Resultant of all forces
{including reactions)
Y oo / to the left of section

——

Beam
element

(c)

Arbitrary
section

Bending Moment in Beams

“{b)

The internal resisting moment must act in a direction opposite to the external moment to
satisfy the governing equation} M, = 0. It follows from the same equation that the
magnitude of the internal resisting moment equals the external moment. These moments
tend to bend a beam in the plane of the loads and are usually referred as bending
moments.
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Ex4: Consider earlier Example 2 and determine the internal system of forces at sections

a—aand b — b;

Solution

1 2
Va=—9+zx2x§>< 10 = —2.33kN

M 9 2+1 2 - 10 = 2
=— - =X 10 X = X
a X 5 X 2% 3 3

= —13.61kN.m
and

My, =—6x1=—6kN.m

¥

8m 10 kN/m
a

10 kN/m

’fﬂ
sid

9 kN

Axial-Force, Shear, and Bending-Moment Diagrams

By the methods discussed before, the magnitude and sense of axial ford shears, and
bending moments may be obtained at many sections of beam. Moreover, with the sign
conventions adopted for these quantities, a plot of their values may be made on separate

diagrams.



Ex5: Construct axial-force, shear, and bending moment diagrams for the beam shown in
Figure (a) due to the inclined force P =5 k.

P=5k
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Instead of the shear or moment diagrams, analytical expressions for these functions are
necessary. For the origin of x at the left end of the beam, the following relations apply:

V =42k for 0 <x <5

V =-2k for5<x <10
M = +2x k-ft for 0 <x <5
M =4+2x —4(x—5) =+20 — 2x k-ft for5<x <10

Ex6: For the beam in Example 4, shown in Figure, express the shear V and the bending
moment M as a function of x along the horizontal member.

The required expressions for 0 < x < 3 are
1 x 5
Vix)=-9+ E)((g x 10) = -9 + §x2kN

10



1 x X
M(x) = —9x +§x(§ X 10)(§) = —9x +

For3 < x <5,

9

V(x) = —9 + 15 = +6kN

5 3
—x°kN -m

M(x) =-9x+15(x —2) = 6x —30kN -m

YA

<——3m—>1 10kN/m

0 6 kN

X X 10 kN/m
3

(b)

15kNi

M x)

AL
F 90N

2

V{x)

!

(c)

Ex7: Draw the shear and moment diagrams for the beam shown in Figure.

SE,=0 T+

V= (6-3x)kN

YM, =0 D+

M= (6x - 1.5x%) kN.m

The point of zero shear can be found from Eq. 1:

V=(6-3x)kN=0

X=2m

6KN - (3X) kN -V =0

The maximum moment can be found from Eq. 2

Mmax = 6(2) - 1.5 (2)> kN.m

=6 kN. m
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Ex8: Plot shear and a bending-moment diagrams for a simple beam with a uniformly

distributed load.
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Ex9: Draw the shear and moment diagrams for the beam shown in figure.

15 kN

0= <5m. j"-‘-‘”'“‘ huuuﬁtm
SE, =01+ 5.75kN-V=0 e B
(a)
V =5.75 kN (1)
SM, =0 D+  -80kN.m—5.75kNx,+M=0 (=p"
M= (5.75x + 80) kN.m  (2) | "
15 kN 5 kNjmix; — 5
5m < x,< I0m
YE, =01+ 5.75kN - I5kN - 5kN/m(x,- 5m) - V=0 e
V = (15.75- 5xo)kN 3) S
B0 kN-m -] J‘ :
M, =0 D+  -80kN.m-5.75kNxp+I5kN(X,-5m) (; —
+5kN/m(X2- 5m) (x2—25m) +M=0 .lr'n:kN] |
S‘H'—| x[mj
M = (-2.5%% +15.75%, + 925)kNm  (4) -"’ﬂ\
M (kPN-m) AT

Shear and Moment Diagrams Equations 1 through 4

are plotted in Figure.

x (mj

12



Ex10: write the shear arid moment equation for the cantilever beam carrying the

uniformly varying load and concentrated load shown in Figure. Also sketch the shear and
moment diagrams

= Load diagram
!—‘——— 6 m —*—l—#Z m+2 m /M

v

2nd degree curve _{{{//// Shear diagram

Moment diagram

—36 kN-m
—148 kN-m

—72 kN-m
For the region A B, in .which x varies from 0 to 6

Force =
2
X
V= Fy)L] Vap = _jkN
2 3
[M=@EM)]  Mip=—5()=—FkN-m

For the region BC, in which x varies between 6 and 8, we therefore obtain
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For a section between C and D in which x varies from 8 to 10, we obtain

18 kN
l«—— 4 m —>]<—— x-4 ———]
L o
. l s x.:.g bt

M§ Y |

< x— - - o
[V = (ZE).] Vep = —18—20 = —38kN
M = (EM),] Mep = —18(x — 4) — 20(x — 8) = (—38x + 232)kN - m
M = (ZM),] M, = —18(6) — 20(2)= —148 kN - m

Ex11: The structure shown consists of a rolled-steel beam AB and two short members
welded together to the beam. Draw the shear and bending-moment diagrams for the

beam.

FromAtoC

V=2F V=-3x Kkips

M =Y%M, M=-15x* kip.ft

From Cto D

V=3XFE V=-24 Kips

M=7YM, M=-24(X-4)  M=96-24x kip.ft
FromDto B

V=3F V=-24-10 V=-34 kips

M=YM, M=-24(X- 4) +20- 10(X- 11) M= 226-34x kip.ft
The shear and bending-moment diagrams for the entire beam now

can be plotted.
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Shear and Bending Moments by Integration

Consider a beam element 4x long, isolated by two adjoining sections taken perpendicular
to its axis, Figure (b). Such an element is shown a free-body in Figure (c). All the forces
shown acting on this element have positive sense. The positive sense of the distributed
external force q is taken to coincide with the direction of the positive y axis.

+q{x)
]

+M +AM

N
Al/ x

+V + AV

. . +V
{a) Beam sign convention |

g(x) load per unit length

1 | Lﬁ\ fe)

— [—AX

(b)

As the shear and the moment may each change from one section to the next, note that on
the right side of the element, these quantities we, respectively, designated

V+ 4V and M + AM
From the condition for equilibrium of vertical forces, one obtains
JE, =0T+ V+qdx —(V+A4V) =0

AV

=4 1)

For equilibrium, the summation of moments around A also must be zero. So, upon noting
that from point A the arm of the distributed force is Ax/2, one has

YM, =0+ (M + AM) —VAx — M — (qlx)(4x12) = 0
M _ a4x
™l V+ > (2)

Equations 1 and 2 in the limit as 4x — 0 yield the following two basic differential
equations:
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av AM _
—=q (3) and =V

Ax
By substituting Eq. 4 into Eq. 3, another useful relation is obtained:

d .dM d*Mm
— (=574 (5)

By transposing and integrating Eq. 3 gives the shear V:

X
V=J qdx + C;
0

. av. —» +Slope
Slope of shear diagram — = 9 = _siope

Transposing and integrating Eq. 4 gives the bending moment
X
0

am _ % _—» +Slope

Slope of shear diagram ™ — _Slope

OR integrating Eq. 3 we obtain:
dV = qdx

V2 — (X2
fvl dV—fx1 q dx
V, =V, = AV = (Area of load)
Similarly integrating Eq. 4 gives:
dM = Vdx
M, — (X2
fMl dM—fx1 Vdx

M, — M, = AM = (Area of shear)
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Relation between Loading, Shear Force and Bending Moment

The following relations between loading, shear force and bending moment at a point or
between any two sections of a beam are important from the subject point of view:

1- If there is a point load at a section on the beam, then the shear force suddenly
changes (the shear force line is vertical). But the bending moment remains the
same.

2- If there is no load between two points, then the shear force does not change (shear
force line is horizontal). But the bending moment changes linearly (bending
moment line is an inclined straight line).

3- If there is a uniformly distributed load between two points, then the shear force
changes linearly (shear force line is an inclined straight line). But the bending
moment changes according to the parabolic law. (Bending moment line will be a
parabola).

4- If there is a uniformly varying load between two points then the shear force
changes according to the parabolic law (shear force line will be a parabola). But
the bending moment changes according to the cubic law.
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Ex12: sketch shear and moment diagrams for the beam shown in Figure below,
computing the values at all change of loading points and the maximum shear and
maximum moment.

P=8 kN
i w=2 kN/m |
: D
3m TB 9m C; 3m ?
R,=20 kN } R =12 kN
14 kN [
2m |
A —]
-4 kN
e /// , ‘ /!/ Shear diagram
. .:__!—th\«‘ R - 1/ P

——d=17 ] —12 kN

l 40 kN-m
l 36 kN m

l Moment diagram

 Wm

YM,=0 and YMz=0 > Ry =20kN and  R,=12kN

Shear diagram:
At the left of B, fromtheeq. V, —V; = AV = (Area of load) — AV=-2 X 3=-6 kN

Between B and C, the area of the load -2 X9 =18 kN

The concentrated load reaction at B causes the shear at B to increase abruptly by 20 kN
to a net positive shear ordinate of 14kN at the right of B

The net shear at the left of C Ve=Vg+4V =14-18 = -4 kN.
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The concentrated load of 8kN changes the shear ordinate to -12 kN at the right of C.
The shear ordinate stays constant at this value between C and D
At D, the upward reaction of 12 kN reduces the shear ordinate to zero.
The interval BE at the rate of 2kN/m —  BE =d=14/2=7 m.
Moment diagram:
As a preliminary to computing the bending moment, we determine the areas of the shear
diagram marked Ay, A,, Az, and A,.
A, = (%) (3)(—=6) = —9kN.m

A, = (%)(7)(14) = +49kN.m

43 = (5) @)(—4) = —4kN.m
A, =3(—12) = —36kN - m
From the eq. M, — M; = AM = (Area of shear)
The bending moment at B is given by A;, Mg=- 9 KN.m
The bending moment at Eis Mg = Mg +4M = A; + Ay=-9 + 49= +40 kN.m

The bending moment at C can also be computed as the sum of the areas A, A,, and A,
giving: Mc = 36 kN.m
The moment at C changes to become zero at D:

Mp= Mc+4M = Mc+A; =36 kKN.m —=36kN.m = 0
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